Using a nonrelativistic potential model, we calculate the cross section for the leading-order gluon dissociation of J/ψ by including the full gluon wave function. We find that the resulting cross section as a function of gluon energy is reduced by about a factor of three at its maximum value compared to that calculated in the dipole approximation that is usually adopted in theoretical studies. The effect of the reduced cross section on the J/ψ dissociation width is, however, small at finite temperature.
I. INTRODUCTION
The supperssed production of J/ψ in relativistic heavy-ion collisions [1] is one of the most studied probes of the quark gluon plasma (QGP) formed in these collisions. With experimental data from heavy-ion collisions at various energies [2] [3] [4] [5] [6] [7] available from the Super Proton Synchrotron, the Relativistic Heavy Ion Collider, and the Large Hadron Collider, there have been extensive theoretical studies to understand the observed results [1, [8] [9] [10] [11] [12] [13] [14] [15] [16] . Some of these studies were based on the effect of color screening [1] or the assumption of statistical production of J/ψ during hadronization of the QGP [17] . Other studies also included the effect of J/ψ dissociation by gluons [18, 19] and the inverse process for its production in the QGP [11, 15] . The cross section for the gluon dissociation of J/ψ was first calculated by Bhanot and Peskin using the operator product expansion [20] . This result was later reproduced using other methods, such as the leading-order perturbative QCD (pQCD) with the J/ψ dissociation vertex obtained from the Bethe-Salpeter equation [21] . The latter study was further extended to the next-leading-order pQCD to obtain the higher-order contribution to J/ψ dissociation in QGP [22] . The result of Ref. [20] has also been generalized to include the final-state interaction between heavy quarks [23, 24] . In addition, an effective field theory based on the potential nonrelativistic QCD developed in Ref. [25] provides a systematic way to calculate the width of J/ψ at finite temperature to higher orders. In all these studies, the dipole approximation that neglects the phase of the gluon wave function or assumes that the gluon wavelength is much longer than the J/ψ radius. Because the binding energy of J/ψ in vacuum is ε = 2m D − m J/ψ = 0.64 GeV [26] and its radius is r ≈ 0.5 fm [27] , the phase of the gluon wave function kr ≥ εr ≈ π/2 is not small, it is thus important to know how the cross section for J/ψ dissociation by a gluon is affected if the dipole approximation * Electronic address: yliu@comp.tamu.edu † Electronic address: ko@comp.tamu.edu ‡ Electronic address: tsong@comp.tamu.edu
is not used in the calculation.
In the present paper, the above question is addressed in a nonrelativistic potential model by treating the gluon as an external field. Our results indicate that including the gluon wave function or going beyond the dipole approximation can lead to a factor of three reduction of the J/ψ dissociation cross section and also a reduction of its dissociation width in QGP, which can be appreciable if the potential between the charm and the anticharm quarks is taken to be the internal energy from the lattice QCD calculations.
II. J/ψ DISSOCIATION CROSS SECTION IN A NONRELATIVISTIC POTENTIAL MODEL
To describe the dissociation of J/ψ by a gluon, we treat the heavy charm and anticharm quarks in the J/ψ nonrelativistically and the gluon as a transversely polarized external field using the following Hamiltonian:
In the above, p 1 and p 2 are the canonical momenta of charm and anticharm quarks; m is their mass; and G(r 1 , t) and G(r 2 , t) are the gluon fields at the quark and antiquark coordinates r 1 and r 2 , and g is the QCD coupling constant. The last term V (r 1 , r 2 , t) is the potential between charm and anticharm quarks. The first two terms contain the coupling of the external gluon to the charm quarks, and V contains that to the exchanged gluon between charm quarks. In terms of the total momentum P = p 1 + p 2 , the relative momentum p = (p 1 − p 2 )/2, and the relative coordinate r = r 1 − r 2 of charm and anticharm quarks, the Hamiltonian of the interacting charm-anticharm quark pair with an external gluon field to the leading-order in g can be rewritten as
with
and
In the above, H 0 is the Hamiltonian of the charm and anticharm quark pair interacting through a Coulomb-like potential V 0 (r) with M = 2m and µ = m/2 being their total and reduced masses, respectively, and H ′ is their interaction Hamiltonian with the external gluon, with V 1 (r 1 , r 2 , t) being the leading-order modification to the one-gluon exchange potential V 0 owing to the external gluon.
For the case where the gluon has momentum k and energy ω, the corresponding gluon field is then
where G a and ǫ are its amplitude and polarization vector, respectively, and T a with a = 1, · · · , 8 is the SU (3) generator acting on the charm or the anticharm quark that is coupled to the gluon.
For a J/ψ at rest, the contribution from the first term of H ′ to its dissociation by the gluon vanishes because its total momentum is zero. The matrix element for a color singlet J/ψ to make a transition to a color octet charmanticharm quark pair cc, which are both eigenstates of H 0 in Eq. (2), after absorbing a gluon then has contributions from the second and third terms of H ′ . For the second term, denoted by H I in the following, the transition matrix element is given by
where T 
In the above, R = (r 1 + r 2 )/2 is the center-of-mass coordinate of charm and anticham quarks, and φ(p ± k/2) is the J/ψ wave function in the momentum space. In obtaining the third line of Eq. (7), we have neglected the final-state interaction between charm and anticharm quarks, and used plane waves e iP·R and e ip·r to describe their center-of-mass and relative motions, respectively. For the last line of Eq. (7), it is obtained after we have taken the wave function of J/ψ to be that of the one gluon exchange potential V 0 (r) = −α eff /r, where α eff = 2ε/µ is the effective fine structure constant with ε being the binding energy of J/ψ, that is,
with a 0 = 1/(µα eff ) being the Bohr radius. Also, we have introduced the dimensionless vectorsp = pa 0 and k = ka 0 and the scalar quantity ξ = 1 +p 2 +k 2 /4. The last term V 1 of H ′ is the transition potential induced by the absorption of the gluon through the threegluon interaction shown in Fig. 1 . Using the gluon propagator and the three-gluon vertex given, respectively, by
where f abc is the structure constant of the SU (3) group and p i is the momentum going into the vertex, the scattering amplitude for the Feynman diagram in Fig. 1 is then
where u s and v s are spinors of charm and anticharm quarks, respectively, and u c and v * c are their state vectors in color space with T The matrix element of the nonrelativistic transition potential V 1 is related to the scattering amplitude M by (11) where P k and p k are the total and relative momenta of state k = i, f , respectively, and q ≡ p f − p i is the momentum exchanged between the two heavy quarks. Taking the nonrelativistic approximation for the spinors u s and v s , we obtainū s (σ)γ ν u s (σ ′ ) = 2mδ ν0 δ σσ ′ and v s (σ)γ µ v s (σ ′ ) = −2mδ µ0 δ σσ ′ in the heavy quark limit, where σ and σ ′ are the spin indices, and the δ σσ ′ implies that the spins of heavy quarks are not affected by the gluon in the nonrelativistic approximation. Rewrit-
ci in terms of the previously introduced generators T c and T b of the fundamental and conjugate representations of the SU (3) group in the color space, respectively, we find
where
Because
where I 2 is the Casimir operator of the cc state, the color operator O bc in V 1 transforms a color singlet state to a color octet state. The transition potential V 1 (q) can thus be simplified to
The transition matrix element for J/ψ dissociation by a gluon owing to the three-gluon interaction V 1 is then
1 There are other diagrams contributing to V 1 that are related to final-state interactions but are suppressed in the large Nc limit [21] . They are not considered here because we are only concerned with the dipole approximation.
where C A = N c and C F = (N 2 c − 1)/(2N c ) are the Casimir operators in the adjoint and fundamental representations, respectively, α ≡ arcsin k / ξ 2 − (k ·p) 2 , and the relation α eff = C F α s = C F g 2 /(4π) has been used.
Adding contributions from H I and V 1 , we find the transition matrix element to be
where we have dropped the δ function that represents the total momentum conservation and restricted our discussions only to the relative coordinates, which is indicated by the subscript r.
2 From the transition rate
and the gluon current j = 2ωG a2 , the cross section for J/ψ dissociation by a gluon is then given by
2ωG a2 dp
where we have rewritten α = arcsin(k/ ξ 2 −p 2k2 x 2 ) by using the relation x ≡ cos θ =p ·k and also the relation C A = 2C F obtained in the large N c limit. The above result reduces to the usual Bhanot and Peskin formula in the limit k → 0, corresponding to the dipole approximation; i.e.,
We note that the differential cross section for the relative momentum p of final cc to make an angle x = cos θ with respect to the momentum k of the gluon can be simply obtained from Eq. (18) as 
III. NUMERICAL RESULTS AND DISCUSSIONS
We first calculate the total cross section for J/ψ dissociated by a gluon in [see Eq. Fig. 2 . It is seen that in the calculation beyond the dipole approximation, the threshold is 0.07 GeV higher, and the magnitude of the cross section is smaller than that in the dipole approximation. The higher threshold energy in the case of beyond the dipole approximation is attributable to the fact that it is ω = ε + k 2 /2M + p 2 /2µ and is larger by the amount k 2 /2M compared to that in the dipole approximation. The smaller cross section from beyond the dipole approximation is partly because it is proportional top (19) . We note that the dipole approximation is not accurate even for gluon energies near the threshold as a result of the large J/ψ binding energy.
To further understand the above results, we consider separately the contributions from the two terms H I and V 1 in the Hamiltonian. In the dipole approximation, the two terms give the same cross section as shown by the long dashed (purple) line in Fig. 3 , because they lead to the same transition matrix element as seen in Eq (19) . Both contributions to the J/ψ dissociation cross section are, however, reduced when they are calculated beyond the dipole approximation as shown by the dashed (blue) and dash-dotted (red) lines in Fig. 3 for H I and V 1 , respectively. to that with the dipole approximation. The dashed (blue), dash-dotted (red) and solid (black) lines are the ratio with the contribution only from HI , only from V1, and from both, respectively. As a reference, the ratio ofp 3 is also shown as the (purple) long dashed thin line.
In Fig. 4 , we show the ratio of the cross section obtained beyond the dipole approximation to that with the dipole approximation. Also shown by the (purple) long dashed thin line is the ratio (p/p dipole ) 3 , which is seen to weakly depend on the gluon energy and has a maximum value of 0.53 at gluon energy ω = 1.28 GeV. The factor p 3 thus contributes at least a factor of 2 to the reduction of the J/ψ dissociation cross section calculated beyond the dipole approximation. As implied by Eq. (7), the transition matrix element in the dipole approximation is proportional to the overlap of the initial J/ψ wave function and the final cc wave function, that is the initial J/ψ wave function φ(p) in momentum space at final momentum p. Because of the inclusion of the gluon momentum k in the case of beyond the dipole approximation, the required relative momentum of cc in J/ψ is p − k/2 or p + k/2, corresponding to the absorption of the gluon by the quark or the antiquark . The transition matrix element calculated beyond the dipole approximation is thus proportional to the J/ψ momentum space wave function (φ(p− k/2)+ φ(p+ k/2))/2, instead of φ(p) in the dipole approximation. We note that the value of p is reduced when the gluon momentum is taken into account as a result of energy conservation. In Fig. 4 , the (purple) thin solid line shows the ratio of the cross section owing to only this effect from the energy conservation, that is using the φ(p) but with p determined with and without including k. Because the wave function φ(p) in Eq. (8) monotonously decreases with |p|, the cross section ratio is therefore always above the (purple) long dashed thin line owing to only thep 3 factor in the cross section. However, the shift ±k/2 of the momentum p in the J/ψ momentum space wave function tends to increase the finalstate momentum, thus partly canceling the above effect and resulting in a final result for only the term H I that lies between these two (purple) thin lines as shown by the dashed (blue) thick line. These results are related to the fact that the J/ψ wave function φ(p) decreases monotonously with increasing magnitude of p and thus exists not only for the Coulomb wave function used in the present study but also for other wave functions, such as a Gaussian wave function, that have a similar behavior. Therefore, with the inclusion of only H I , the cross section obtained in the dipole approximation is larger than that beyond the dipole approximation at small gluon energy ω but becomes smaller at large gluon energy ω.
To understand the reason for the much stronger modification to the transition potential V 1 relative to the (purple) thin solid line owing to only the effect of energy conservation on the J/ψ wave function, we rewrite V 1 in the coordinate space,
where R(kr, γ) = ∞ 0 dp cos(p cot γ) pκπ sin γ |p − κ|K 1 (|p − κ|)
with κ = kr(sin γ)/2, γ being the angle between k and r, and K is the modified Bessel function. In the dipole approximation, taking k = 0 gives R = 1. The potential in this case is then independent of the magnitude of r and thus has a very long range. Including the momentum of the external gluon, the potential is then suppressed for r ≫ 1/k. In Fig. 5 , we show the ratio
as a function of kr for different values of γ. This ratio is seen to decrease dramatically at large kr for all values of γ, indicating that the potential V 1 does not extend to infinity as in the dipole approximation. Because of this strong suppression, the cross section owing to the term H I in the case of beyond the dipole approximation is one order of magnitude smaller than that in the dipole approximation, as shown by the dash-dotted (red) thick line in Figs Taking both H I and V 1 into consideration, we obtain the ratio of the cross section obtained beyond the dipole approximation to that with the dipole approximation shown as the (black) thick solid line in Fig. 4 . It shows that for gluon energy ω ∼ 1 GeV at which the the J/ψ dissociation cross section has the peak value, the ratio is about 0.3, implying that the dipole approximation overestimates the cross section by a factor of about 3.
The cross sections in Eqs. (18) and (19) depend on three parameters: the heavy quark mass m, the binding energy ε, and the gluon energy ω. Their ratio thus depends only on two dimensionless parameters ω/ε and α eff = 2 ε/m. In Fig. 6 , the ratio σ/σ dipole is shown as a function of ω/ε for different values of α eff . The ratio is close to one for small values of α eff but is significantly less than one when α eff > ∼ 1 or the energy of the gluon is near the J/ψ dissociation threshold. In our previous calculations, we have used ε = 0.64 GeV and m = 1.87 GeV, which gives α eff ≈ 1.2. Similarly, if we consider Υ and take the mass of b quark as that of the lowest B meson, then m = 5.28 GeV and ε = 1.1 GeV, which results in α eff ≈ 0.9. In both cases, the dipole approximation would overestimate the quarkonium dissociation cross section by more than a factor of two.
The momentum of the gluon affects not only the total cross section but also the angular distribution of final cc pair. Figure 7 shows the differential cross sections with and beyond the dipole approximation for the gluon energy ω = 1.5 GeV as functions of | cos θ| with θ being the angle between the gluon momentum k and the relative momentum p of the cc pair. It is seen that the angular distribution in the dipole approximation decreases with | cos θ|, and this is because the factor ǫ·p in the transition amplitude [see Eqs. (7) and (16)], which is the only angular dependence in the dipole approximation, is largest when p is parallel to the polarization vector ǫ that is perpendicular to the momentum k of the gluon. Beyond the dipole approximation, the transition amplitude also depends on k · p [see Eqs. (7) and (16)], making the relative momentum p of final cc less likely to be perpendicular to the momentum of the gluon and thus leading to a smaller differential cross section as shown by the solid line in Fig. 7 . This is reasonable because after absorbing the gluon the relative momentum of the quarks is more likely to be in the direction of the gluon momentum. This effect becomes, however, smaller when the gluon energy ω is near the threshold.
IV. J/ψ WIDTH AT FINITE TEMPERATURE
To see the effect of J/ψ dissociation cross section obtained beyond the dipole approximation on the J/ψ properties at finite temperature, we compare the width of J/ψ using this cross section to that in the dipole approximation. There are two finite temperature effects: finite gluon thermal mass and reduced binding energy of J/ψ. For simplicity, we consider the case that the J/ψ is at rest. The J/ψ width owing to dissociation by gluons is then
. (23) In the above,
is the gluon energy with the thermal gluon mass m g (T ) = (2N c + N f )/12gT , N g = 24 is the gluon degeneracy , f g is the gluon Bose-Einstein distribution, and σ(k, ω) is the gluon dissociation cross section at finite temperature. The latter depends on the binding energy ε of J/ψ at finite temperature, which can be obtained from solving the Schrödinger equation with the heavy quark in-medium potential. For the latter, we use either the free energy F or the internal energy U = F + T S from lattice calculations [27, 28] , for which the J/ψ is bound below 1.15 T c or 2.1 T c , respectively, with T c = 0.165 GeV being the critical temperature. Using N c = N f = 3 and g = 2 in calculating the gluon thermal mass, the J/ψ width calculated in the dipole approximation with the J/ψ binding energies obtained from these potentials are shown in the top panel of Fig. 8 as a function of the scaled temperature T /T c . It is seen that the J/ψ width increases with temperature when the temperature is low but decreases with temperature at high temperature as a result of decreasing binding energy.
The ratio of the J/ψ width calculated beyond the dipole approximation to that with dipole approximation is shown in the bottom panel of Fig. 8 . In the free energy case, the ratio is larger than 0.8 and the dipole approximation is thus reasonable. This is attributable to the small J/ψ binding energy of 110 MeV at T = T c and even smaller values at higher temperature, which leads to α eff < 0.5 if the charm mass is taken to be 1.5 GeV, and the finite gluon thermal mass makes the momentum of a gluon smaller at a given energy. For the case of using the internal energy as the potential, the width ratio is only somewhat smaller than that of using the free energy as the potential for temperatures higher than 1.2T c . This is attributable to the fact that although the binding energy is large, it is comparable to the mass of the gluon. For example, the binding energy around the peak at T = 1.2 T c is 0.3 GeV, and the mass of gluon is about 0.34 GeV. The J/ψ mass at this temperature is 3.3 GeV, which results in α eff ≈ 0.9. Because the binding energy decreases monotonously with temperature and α eff also decreases with temperature, the ratio becomes close to 1 as the temperature approaches that for J/ψ to become unbound. On the other hand, with decreasing temperature the J/ψ binding energy increases and the gluon mass becomes smaller, the increased threshold thus requires more energetic gluons. Because of the smaller number of such gluons, the J/ψ dissociation cross section obtained from beyond the dipole approximation deviates more from that based on the dipole approximation as the temperature decreases. Because the properties of J/ψ, like its mass and binding energy, at finite temperature are still not very well determined, there is still a large uncertainty in the validity of the dipole approximation near T c , although it seems to be a good approximation at high temperature.
V. CONCLUSIONS
We have derived the cross section for the leading-order gluon dissociation of J/ψ at zero temperature by including the full gluon wave function. In the limit of long gluon wave length, the usually used cross section based on the dipole approximation is recovered. In this process, the gluon can be absorbed by either heavy quarks or by the exchanged gluon between them. Both processes contribute equally in the dipole approximation in the large N c limit. The cross section is, however, smaller beyond the dipole approximation, and this is mainly attributable to the latter process because the momentum of the gluon affects the range of the external gluon induced transition potential. We have found that the angular distribution of the relative momentum of heavy quarks in the final state is also modified with the inclusion of the full gluon wave function, leading to heavy quarks more likely to be scattered close to the momentum k of the initial gluon rather than perpendicular to it as in the dipole approximation . At finite temperature, the dissociation width of a J/ψ is found to be only slightly modified at high temperature whether the charm quark potential is taken to be the internal energy or the free energy from the lattice calculations, while the width becomes obviously smaller at low temperature in the case that the internal energy from the lattice calculations is used as the charm quark potential.
